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a b s t r a c t
We give a characterization of different types of (α, β)-fuzzy ideals of hemirings, where
α, β ∈ {∈, q,∈ ∨q,∈ ∧q} and α 6= ∈ ∧q. Special attention is paid to (∈,∈ ∨q)-fuzzy
prime and semiprime ideals.
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1. Introduction
Hemirings (semirings with zero and commutative addition) which provide a common generalization of rings and
distributive lattices arise naturally in such diverse areas of mathematics as combinatorics, functional analysis, graph theory,
automata theory, formal language theory, mathematical modelling of quantum physics and parallel computation systems
(see for example [1–4]). Hemirings have also proved to be an important algebraic tool in theoretical computer science; see
for instance [3,4] for some detail and examples.
Ideals of semirings play an important role in structure theory and are useful for many purposes. However, they do not
in general coincide with the usual ring ideals if a semiring is a ring and, for this reason, their use is somewhat limited in
trying to obtain analogues of ring theorems for semirings. Many results in rings apparently have no analogues in semirings
using only ideals. Henriksen defined in [5] amore restricted class of ideals in semirings, which are called k-ideals. In the case
when a semiring is a ring, k-ideals coincide with ideals. Another more restricted class of ideals in hemirings, called h-ideals,
was introduced in [6] by Iizuka. However, in an additively commutative semiring, ideals of a semiring coincide with ideals
of a ring, provided that the semiring is a hemiring. In [7] La Torre investigated the properties of k-ideals and h-ideals of
hemirings and established some analogous ring theorems for hemirings.
The concept of fuzzy sets, introduced by Zadeh [8], was applied to generalize some of the basic concepts of algebra.
Fuzzy semirings were first investigated in [9] (see also [10]). Fuzzy k-ideals of semirings were studied by many authors, for
example [11,12]. Fuzzy h-ideals of hemirings were studied in [13–15]. Characterizations of intuitionistic fuzzy k-ideals and
h-ideals can be found in [16–18].
The idea of fuzzy point and its ‘‘belongingness’’ and ‘‘quasicoincidence’’ with a fuzzy set were given byMing et al. in [19].
In [20] Bhakat and Das used this idea to define (α, β)-fuzzy subgroups. In [20–24] (α, β)-fuzzy substructures of algebraic
structures are defined. In this paperwe restrict the study of such fuzzy substructures to different types of (α, β)-fuzzy ideals,
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where α, β ∈ {∈, q,∈ ∨q,∈ ∧q} and α 6=∈ ∧q. Special attention is paid to (∈,∈ ∨q)-fuzzy (left, right) h-deals and k-ideals
of hemirings. We describe also (∈,∈ ∨q)-fuzzy prime and semiprime h-ideals of hemirings.
2. Preliminaries
A semiring is an algebraic system (R,+, ·) consisting of a non-empty set R together with two binary operations called
addition and multiplication (denoted in the usual manner) such that (R,+) and (R, ·) are semigroups connected by the
following distributive laws: a(b+ c) = ab+ ac and (b+ c)a = ba+ ca valid for all a, b, c ∈ R. An element 0 ∈ R is called
a zero of R if a + 0 = 0 + a = a and 0a = a0 = 0 for all a ∈ R. A semiring with zero and a commutative addition is
called a hemiring. An element 1 ∈ R is called the identity of R if 1a = a1 = a for all a ∈ R. A semiring with a commutative
multiplication is called a commutative semiring. A non-empty subset A of a semiring R is its subsemiring if it is closed with
respect to the addition and multiplication. A non-empty subset I of a semiring R is its left (right) ideal if it is closed with
respect to the addition and RI ⊆ I (IR ⊆ I). A left ideal which is also a right ideal is called an ideal. A (left, right) ideal I of a
hemiring R is called a (left, right) k-ideal of R if for any a, b ∈ I and all x ∈ R from x+ a = b it follows that x ∈ I . A (left, right)
ideal I of a hemiring R is called a (left, right) h-ideal of R if for any a, b ∈ I and all x, y ∈ R from x+ a+ y = b+ y it follows
that x ∈ I . Every (left, right) h-ideal is a (left, right) k-ideal but the converse is not true in general.
A k-ideal (h-ideal) of R is called prime (semiprime) if it is prime (semiprime) as an ideal of R, i.e., if x2 ∈ I (xy ∈ I) implies
x ∈ I (x ∈ I or y ∈ I).
By a fuzzy subset of Rwe mean any map λ : R→ [0, 1]. A fuzzy subset of the form
λ (y) =
{
t ∈ (0, 1] if y = x
0 if y 6= x
is called a fuzzy point with the support x and the value t and is denoted by xt .
For a fuzzy point xt and a fuzzy subset λ of the same set R, P. Ming and L. Ming [19] introduced the symbol xtαλ, where
α ∈ {∈, q,∈ ∨q,∈ ∧q}.
For any fuzzy set λ the symbol xt ∈ λ means that λ(x) ≥ t . In the case λ(x) + t > 1 we say that a fuzzy point xt is
quasicoincident with a fuzzy set λ and write xtqλ. The symbol xt ∈ ∨qλ means that xt ∈ λ or xtqλ. Similarly, xt ∈ ∧qλ
denotes that xt ∈ λ and xtqλ. xt∈λ and xt∈ ∨qλmean that xt ∈ λ and xt ∈ ∨qλ do not hold, respectively.
Definition 2.1. A fuzzy subset λ of a hemiring R is called a fuzzy subhemiring of R if for all x, y ∈ Rwe have
λ (x+ y) ≥ min {λ(x), λ (y)} , (1)
λ(xy) ≥ min {λ(x), λ (y)} . (2)
Definition 2.2. A fuzzy subset λ of a hemiring R is called a fuzzy left (right) ideal of R if for all x, y ∈ R it satisfies (1) and
λ(xy) ≥ λ(y) (respectively, λ(xy) ≥ λ(x)). (3)
Note that a fuzzy ideal of R can be defined as a fuzzy subset of Rwhich for all x, y ∈ R satisfies (1) and
λ(xy) ≥ max{λ(x), λ(y)}. (3′)
Every fuzzy (left, right) ideal is a fuzzy subhemiring and for every x ∈ R satisfies the inequality λ(0) ≥ λ(x).
Definition 2.3. A fuzzy ideal λ of R is called
semiprime if λ(x2) = λ(x),
prime if λ(xy) = λ(x) or λ(xy) = λ(y),
for all x, y ∈ R.
Definition 2.4. A fuzzy (left, right) ideal λ of a hemiring R is called a fuzzy (left, right)
k-ideal if x+ y = z −→ λ(x) ≥ min{λ(y), λ(z)},
h-ideal if x+ a+ z = b+ z −→ λ(x) ≥ min{λ(a), λ(b)}
for all a, b, x, y, z ∈ R.
Of course, every fuzzy (left, right) h-ideal is a fuzzy (left, right) k-ideal. The converse is not true (see [13]).
Each fuzzy set λ defined on X can be characterized by its level subsets, i.e., by sets of the form U(λ; t) = {x ∈ X : λ(x) ≥
t}, where t ∈ [0, 1]. Namely, as is proved in [25], for any algebraic system (X, F), where F is a collection of all operations
(also partial) defined on X , the following transfer principle holds.
Theorem 2.5 (Transfer Principle). A fuzzy set λ defined on (X, F) has the property P if and only if all non-empty level subsets
U(λ; t) have the property P .
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For example, a fuzzy subset λ of a semiring R is a fuzzy ideal if and only if all its non-empty level subsets U(λ; t) are
ideals of R. Similarly, a fuzzy subset λ of a hemiring R is a fuzzy h-ideal of R if and only if each its non-empty level subset
U(λ; t) is an h-ideal of R. Moreover in [13] the following proposition is proved:
Proposition 2.6. Let A be a non-empty subset of a hemiring R. A fuzzy subset λA defined by
λA(x) =
{
t if x ∈ A,
s otherwise,
where 0 ≤ s < t ≤ 1, is a fuzzy h-ideal of R if and only if A is an h-ideal of R.
A special role is played by the support of λ, i.e., the set
Sλ = {x ∈ R : λ (x) > 0} .
3. (α, β)-Fuzzy ideals
In what follows let R denote a hemiring, α any one of ∈, q, ∈ ∨q and β any one of ∈, q, ∈ ∧q or ∈ ∨q unless otherwise
specified.
Definition 3.1. A fuzzy subset λ of R is called an (α, β)-fuzzy left (right) ideal of R, if
xt1αλ, yt2αλ −→ (x+ y)min{t1,t2} βλ, (4)
xt1αλ, y ∈ R −→ (yx)t1βλ (respectively, (xy)t1βλ) (5)
for all x, y ∈ R and t1, t2 ∈ (0, 1].
A fuzzy subset which is an (α, β)-fuzzy left and right ideal is called an (α, β)-fuzzy ideal.
The case α =∈ ∧qmust be omitted since for a fuzzy subset λ of R such that λ(x) ≤ 0.5 for any x ∈ R in the case xt ∈ ∧qλ
we have λ (x) ≥ t and λ(x)+ t > 1. Thus 1 < λ(x)+ t ≤ λ(x)+ λ(x) = 2λ(x), which implies λ(x) ≥ 0.5. This means that
{xt : xt ∈ ∧q} = ∅.
As it is not difficult to see, each (α, β)-fuzzy (left, right) ideal of R is an (α,∈ ∨q)-fuzzy (left, right) ideal. So, in the theory
of (α, β)-fuzzy (left, right) ideals the central role is played by (α,∈ ∨q)-fuzzy (left, right) ideals, especially (∈,∈ ∨q)-fuzzy
(left, right) ideals.
Theorem 3.2. The support of any non-zero (α, β)-fuzzy (left, right) ideal λ of R is a (left, right) ideal of R.
Proof. Let x, y ∈ Sλ. Then λ(x) > 0 and λ (y) > 0. Assume that λ (x+ y) = 0. If α ∈ {∈,∈ ∨q}, then xλ(x)αλ and yλ(y)αλ
but (x+ y)min{λ(x),λ(y)) βλ for every β ∈ {∈, q,∈ ∨q,∈ ∧q}, a contradiction. Also x1qλ and y1qλ but (x+ y)1 βλ for every
β ∈ {∈, q,∈ ∨q,∈ ∧q}. Hence λ (x+ y) > 0, that is, x+ y ∈ Sλ.
Let x ∈ Sλ and y ∈ R. Suppose that λ (xy) = 0 and let α ∈ {∈,∈ ∨q}. Then xλ(x)αλ but (xy)λ(x)βλ and (yx)λ(x) βλ for every
β ∈ {∈, q,∈ ∨q,∈ ∧q}; this is a contradiction. Also x1qλ but (xy)1βλ for every β ∈ {∈, q,∈ ∨q,∈ ∧q}, a contradiction.
Therefore λ(xy) > 0 and so xy ∈ Sλ; similarly yx ∈ Sλ. Hence Sλ is an ideal of R. 
Definition 3.3. An (α, β)-fuzzy ideal λ of R is called an (α, β)-fuzzy k-ideal of R, if
x+ a = b, at1αλ, bt2αλ −→ xmin{t1,t2)βλ,
and an (α, β)-fuzzy h-ideal of R, if
x+ a+ y = b+ y, at1αλ, bt2αλ −→ xmin{t1,t2)βλ
is valid for all a, b, x, y ∈ R and t1, t2 ∈ (0, 1].
Theorem 3.4. The support of any non-zero (α, β)-fuzzy h-ideal (k-ideal) of R is an h-ideal (k-ideal) of R.
Proof. By Theorem 3.2, the support Sλ of a non-zero (α, β)-fuzzy h-ideal of R is an ideal of R. Let a, b ∈ Sλ and x, y ∈ R be
such that a + x + y = b + y. Suppose λ(x) = 0. As a, b ∈ Sλ, so λ (a) > 0 and λ (b) > 0. Let α ∈ {∈,∈ ∨q}. Then aλ(a)αλ
and bλ(b)αλ but xmin{λ(a),λ(b))βλ for every β ∈ {∈, q,∈ ∨q,∈ ∧q}, a contradiction. Also a1qλ and b1qλ but x1βλ for every
β ∈ {∈, q,∈ ∨q,∈ ∧q}, a contradiction. Therefore λ(x) > 0 and so x ∈ λ0. This proves that λ0 is an h-ideal of R.
Putting in the above proof y = 0 we obtain the proof for (α, β)-fuzzy k-ideals. 
Theorem 3.5. If I is a (left, right) ideal of R, then a fuzzy subset λ of R such that λ(x) ≥ 0.5 for x ∈ I and λ(x) = 0 otherwise
is an (α,∈ ∨q)-fuzzy (left, right) ideal of R.
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Proof. (a) Let x, y ∈ R and t1, t2 ∈ (0, 1] be such that xt1 ∈ λ and yt2 ∈ λ. Then λ(x) ≥ t1 and λ (y) ≥ t2. Thus x, y ∈ I , and
so x + y ∈ I , that is λ(x + y) ≥ 0.5. If min{t1, t2} ≤ 0.5, then λ(x + y) ≥ 0.5 ≥ min{t1, t2}. Hence (x + y)min{t1,t2} ∈ λ. If
min{t1, t2} > 0.5, then λ(x+ y)+min{t1, t2} > 0.5+ 0.5 = 1 and so (x+ y)min{t1,t2}qλ. Therefore (x+ y)min{t1,t2} ∈ ∨qλ.
Now let x, y ∈ R and t ∈ (0, 1] be such that xt ∈ λ. Then λ(x) ≥ t , which implies x ∈ I , and so xy ∈ I . Consequently
λ(xy) ≥ 0.5. If t ≤ 0.5, then λ(xy) ≥ 0.5 = t . Hence (xy)t ∈ λ. If t > 0.5, then λ(xy)+ t > 0.5+ 0.5 = 1 and so (xy)tqλ.
Thus (xy)t ∈ ∨qλ. Similarly (yx)t ∈ ∨qλ. Hence λ is an (∈,∈ ∨q)-fuzzy ideal of R.
(b) Let x, y ∈ R and t1, t2 ∈ (0, 1] be such that xt1qλ and yt2qλ. Then x, y ∈ I , λ(x) + t1 > 1 and λ(y) + t2 > 1. Since
x + y ∈ I , we have λ(x + y) ≥ 0.5. If min{t1, t2} ≤ 0.5, then λ(x + y) ≥ 0.5 ≥ min{t1, t2}. Hence (x + y)min{t1,t2} ∈ λ. If
min{t1, t2} > 0.5, then λ(x+ y)+min{t1, t2} > 0.5+ 0.5 = 1 and so (x+ y)min{t1,t2}qλ. Therefore (x+ y)min{t1,t2} ∈ ∨qλ.
Now let x, y ∈ R and t ∈ (0, 1] be such that xtqλ, which implies that λ(x) + t > 1. Thus x ∈ I and so both xy and yx
are in I . This means that λ(xy) ≥ 0.5 and λ(yx) ≥ 0.5. If t ≤ 0.5 then λ(xy) ≥ 0.5 ≥ t . Hence (xy)t ∈ λ. If t > 0.5, then
λ(xy)+ t > 0.5+ 0.5 = 1 and so (xy)tqλ. Thus (xy)t ∈ ∨qλ. Similarly (yx)t ∈ ∨qλ. Hence λ is a (q,∈ ∨q)-fuzzy ideal of R.
(c) Let x, y ∈ R and t1, t2 ∈ (0, 1] be such that xt1 ∈ λ and yt2qλ. Then λ(x) ≥ t1 and λ(y) + t2 > 1. Since x, y ∈ I ,
also x + y ∈ I , i.e., λ(x + y) ≥ 0.5. Analogously to in (a) and (b) we obtain (x + y)min{t1,t2} ∈ λ for min{t1, t2} ≤ 0.5 and
(x+ y)min{t1,t2}qλ for min{t1, t2} > 0.5. Thus (x+ y)min{t1,t2} ∈ ∨qλ.
The rest is a consequence of (a) and (b). 
Corollary 3.6. If I is an h-ideal (k-ideal) of R, then the fuzzy subset λ defined in Theorem 3.5 is an (α,∈ ∨q)-fuzzy h-ideal
(k-ideal) of R.
Proof. According to Theorem 3.5 a so defined λ is an (α,∈ ∨q)-fuzzy ideal of R. Assume that I is an h-ideal of R and let
a, b, x, y ∈ R be such that x + a + y = b + y. Consider the case when at1 , bt2 ∈ λ for some t1, t2 ∈ (0, 1]. Then λ(a) ≥ t1
and λ(b) ≥ t2. Thus a, b ∈ I . Since I is an h-ideal, also x ∈ I . Hence λ(x) ≥ 0.5. If min{t1, t2} ≤ 0.5, then obviously
λ(x) ≥ min{t1, t2}, i.e., xmin{t1,t2} ∈ λ. For min{t1, t2} > 0.5 we have λ(x) + min{t1, t2} > 1, which implies xmin{t1,t2} ∈ λ.
Therefore, in the case at1 , bt2 ∈ λ, from x+ a+ y = b+ ywe obtain xmin{t1,t2} ∈ ∨qλ. So, λ is an (∈,∈ ∨q)-fuzzy h-ideal.
In a similar way we can prove that λ is a (q,∈ ∨q)-fuzzy h-ideal and an (∈ ∨q,∈ ∨q)-fuzzy h-ideal. Putting y = 0 we
obtain corresponding proofs for various types of (α,∈ ∨q)-fuzzy k-ideals. 
The following example proves that λ defined in Theorem 3.5 is not an (α, β)-fuzzy ideal (for every β).
Example 3.7. Consider the set R = {0, 1, a, b, c} and two binary operation defined by the following tables:
+ 0 1 a b c
0 0 1 a b c
1 1 b 1 a 1
a a 1 a b a
b b a b 1 b
c c 1 a b c
· 0 1 a b c
0 0 0 0 0 0
1 0 1 a b c
a 0 a a a c
b 0 b a 1 c
c 0 c c c 0
Then (R,+, ·) is a hemiring and I = {0, a, c} is its ideal. According to Theorem3.5 a fuzzy subsetλ of R such thatλ(0) = 1,
λ(a) = λ(c) = 0.6 and λ(1) = λ(b) = 0 is an (α,∈ ∨q)-fuzzy ideal of R. For this fuzzy subset we have a0.3 ∈ λ and a0.3qλ.
Thus a0.3 ∈ ∨qλ, but (a+ a)min{0.3,0.3} = a0.3qλ. This means that λ is not an (α,∈ ∧q)-fuzzy ideal of R.
4. (∈,∈ ∨q)-Fuzzy ideals
Results formulated for fuzzy h-ideals and fuzzy k-ideals will be proved only for fuzzy h-ideals. The proofs for fuzzy k-
ideals can be obtained from the proofs for fuzzy h-ideals by putting y = 0.
Theorem 4.1. A fuzzy subset λ of R is an (∈,∈)-fuzzy (left, right) ideal of R if and only if it is a fuzzy (left, right) ideal of R.
Proof. Let λ be an (∈,∈)-fuzzy ideal of R. Let x, y ∈ R. If λ(x) = 0 or λ(y) = 0, then λ(x + y) ≥ 0 = min{λ(x), λ(y)}.
If λ(x) = t1 6= 0 and λ(y) = t2 6= 0, then xt1 , yt2 ∈ λ and, by the assumption, (x + y)min{t1,t2} ∈ λ, that is
λ(x+ y) ≥ min{t1, t2} = min{λ(x), λ(y)}. So, the first condition of the Definition 2.2 is satisfied.
If λ(x) = λ(y) = 0, then λ(xy) ≥ 0 = max{λ(x), λ(y)}. For λ(x) = 0 and λ(y) = t > 0, according to the assumption
on λ, we have λ(xy) ≥ t = max{λ(x), λ(y)}. Now, if λ(x) = t1 6= 0 and λ(y) = t2 6= 0, then xt1 ∈ λ and yt2 ∈ λ, whence
(xy)t1 ∈ λ and (xy)t2 ∈ λ, that is λ(xy) ≥ max{t1, t2}. So, the second condition of Definition 2.2 is satisfied, too. This means
that λ is a fuzzy ideal of R.
Conversely, assume that λ is a fuzzy ideal of R. Let us have xt1 ∈ λ and yt2 ∈ λ. Then λ(x) ≥ t1, λ(y) ≥ t2 and
λ(x+y) ≥ min{λ(x), λ(y)} ≥ min{t1, t2}. So, (x+y)min{t1,t2} ∈ λ. Also if xt ∈ λ and y ∈ R, thenλ(xy) ≥ max{λ(x), λ(y)} ≥ t ,
which implies (xy)t ∈ λ. Similarly, (yx)t ∈ λ. Hence λ is an (∈,∈)-fuzzy ideal. 
Corollary 4.2. A fuzzy subset λ of R is its fuzzy h-ideal (k-ideal) if and only if λ is an (∈,∈)-fuzzy h-ideal (k-ideal) of R.
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Proof. If λ is a fuzzy h-ideal of R, then by Theorem 4.1 it is an (∈,∈)-fuzzy ideal. Let x+ a+ y = b+ y for some a, b, x, y ∈ R
and t1, t2 ∈ (0, 1] be such that at1 , bt2 ∈ λ. Since λ is a fuzzy h-ideal of R, we have λ(x) ≥ min{λ(a), λ(b)} ≥ min{t1, t2},
which means that xmin{t1,t2} ∈ λ. So, λ is an (∈,∈)-fuzzy h-ideal of R.
Conversely, assume that λ is an (∈,∈)-fuzzy h-ideal of R. By Theorem 4.1 it is a fuzzy ideal. Let x+a+y = b+y for some
a, b, x, y ∈ R. Suppose that λ(a) = t1 and λ(b) = t2. If one of t1, t2 is 0, then obviously λ(x) ≥ 0 = min{λ(a), λ(b)}.
If t1 6= 0 and t2 6= 0, then at1 , bt2 ∈ λ, whence, according to the assumption on λ, we obtain xmin{t1,t2} ∈ λ. Thus
λ(x) ≥ min{t1, t2} = min{λ(a), λ(b)}. Hence λ is a fuzzy h-ideal of R. 
Lemma 4.3. For any fuzzy subset λ of R the condition (4) is equivalent to
λ(x+ y) ≥ min{λ(x), λ(y), 0.5} for all x, y ∈ R. (6)
Proof. (4)→ (6) Let x, y ∈ R. At first we consider the case when min{λ(x), λ(y)} < 0.5. For λ(x + y) ≥ min{λ(x), λ(y)},
the condition (6) is valid. For λ(x + y) < min{λ(x), λ(y)} there exists t such that λ(x + y) < t < min{λ(x), λ(y)}, which
means that xt , yt ∈ λ and (x+ y)t∈ ∨qλ. This contradicts (4). So, this case is impossible.
Now we consider the case min{λ(x), λ(y)} ≥ 0.5. Since for λ(x + y) < 0.5 we have x0.5, y0.5 ∈ λ and (x + y)0.5∈ ∨qλ,
which is impossible, in this casewewill haveλ(x+y) ≥ 0.5. Henceλ(x+y) ≥ 0.5 ≥ min{λ(x), λ(y), 0.5}. So, (4) implies (6).
(6)→ (4) Let xt1 , yt2 ∈ λ. Thenλ(x+y) ≥ min{λ(x), λ(y), 0.5} ≥ min{t1, t2, 0.5}. Hencewe obtainλ(x+y) ≥ min{t1, t2}
for min{t1, t2} ≤ 0.5, and λ(x+ y) ≥ 0.5 for min{t1, t2} > 0.5. This means that (x+ y)min{t1,t2} ∈ ∨qλ. 
Lemma 4.4. For a fuzzy subset λ of R the following two conditions are equivalent:
xt ∈ λ and y ∈ R imply (yx)t ∈ ∨qλ, (5′)
λ(yx) ≥ min{λ(x), 0.5} for all x, y ∈ R. (7′)
Proof. (5′)→ (7′) Let x, y ∈ R and λ(x) < 0.5. Suppose λ(yx) < λ(x). Then there exists t ∈ (0, 1] such that λ(yx) < t <
λ(x). This implies xt ∈ λ and (yx)t∈ ∨qλ, which contradicts (5′). So, λ(yx) ≥ λ(x) = min{λ(x), 0.5}. Now let λ(x) ≥ 0.5. If
λ(xy) < 0.5, then x0.5 ∈ λ and (yx)0.5∈ ∨qλ, which again contradicts (5′). Hence λ(yx) ≥ 0.5 = min{λ(x), 0.5}.
(7′)→ (5′) Let xt ∈ λ. Then λ(x) ≥ t and for any y ∈ Rwe have λ(yx) ≥ min{λ(x), 0.5} ≥ min{t, 0.5}. Thus λ(yx) ≥ t if
t < 0.5, and λ(yx) ≥ 0.5 if t ≥ 0.5. So, (yx)t ∈ ∨qλ. 
Lemma 4.5. For a fuzzy subset λ of R the following two conditions are equivalent:
xt ∈ λ and y ∈ R imply (xy)t ∈ ∨qλ, (5′′)
λ(xy) ≥ min{λ(x), 0.5} for all x, y ∈ R. (7′′)
Proof. The proof is similar to the proof of Lemma 4.4. 
As a consequence of the above two lemmas we obtain
Corollary 4.6. For any fuzzy subset λ of R the following conditions are equivalent:
for all x, y ∈ R xt ∈ λ implies(xy)t ∈ ∨qλ and (yx)t ∈ ∨qλ, (5′′′)
for all x, y ∈ R λ(xy) ≥ min{max{λ(x), λ(y)}, 0.5}. (7′′′)
Lemma 4.7. Let λ be a fuzzy subset of R and a, b, x, y ∈ R be such that x + a + y = b + y. Then for any t1, t2 ∈ (0, 1] the
following conditions are equivalent:
at1 , bt2 ∈ λ implies xmin{t1,t2} ∈ ∨qλ, (8)
λ(x) ≥ min{λ(a), λ(b), 0.5}. (9)
Proof. (8)→ (9) Let a, b, x, y ∈ R be such that x+ a+ y = b+ y. If (9) is not true, then λ(x) < min{λ(a), λ(b), 0.5}. Since
for λ(x) < min{λ(a), λ(b)} there exists t such that λ(x) < t < min{λ(a), λ(b)}, we have at , bt ∈ λ and xt∈ ∨qλ, which
contradicts (8). So, min{λ(a), λ(b)} ≥ 0.5. For λ(x) < 0.5 we have a0.5, b0.5 ∈ λ and x0.5∈ ∨qλ, which also contradicts (8).
Hence λ(x) ≥ min{λ(a), λ(b), 0.5}.
(9) → (8) Let x + a + y = b + y and at1 , bt2 ∈ λ for some a, b, x, y ∈ R and t1, t2 ∈ (0, 1]. Then λ(x) ≥
min{λ(a), λ(b), 0.5} ≥ min{t1, t2, 0.5}. Thus λ(x) ≥ min{t1, t2} for min{t1, t2} ≤ 0.5, and λ(x) ≥ 0.5 for min{t1, t2} > 0.5.
Therefore xmin{t1,t2} ∈ ∨qλ. 
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From the above lemmas we deduce:
Theorem 4.8. A fuzzy subset λ of R is an (∈,∈ ∨q)-fuzzy left (resp. right) ideal of R if and only if it satisfies (6) and ( 7′) (resp.,
(6) and ( 7′′)).
Corollary 4.9. A fuzzy subset λ of R is an (∈,∈ ∨q)-fuzzy ideal of R if and only if it satisfies (6) and ( 7′′′).
Corollary 4.10. A fuzzy subset λ of R is an (∈,∈ ∨q)-fuzzy left h-ideal of R if and only if it satisfies (6), ( 7′) and
x+ a+ y = b+ y −→ λ(x) ≥ min{λ(a), λ(b), 0.5}
for all x, a, b, y ∈ R.
A similar characterization can be obtained for (∈,∈ ∨q)-fuzzy (right) h-ideals and k-ideals.
Theorem 4.11. A fuzzy subset λ of R is an (∈,∈ ∨q)-fuzzy (left, right) ideal of R if and only if U(λ; t) 6= ∅ is a (left, right) ideal
of R for all 0 < t ≤ 0.5.
Proof. We prove this theorem for an (∈,∈ ∨q)-fuzzy ideal of R. For other cases the proof is similar.
Let λ be an (∈,∈ ∨q)-fuzzy ideal and let x, y ∈ U(λ; t) for some 0 < t ≤ 0.5. Then
λ(x+ y) ≥ min{λ(x), λ(y), 0.5} ≥ min{t, 0.5} = t,
which implies (x+ y) ∈ U(λ; t). Moreover, for all x ∈ U(λ; t) and y ∈ Rwe also have
λ(xy) ≥ min{λ(x), 0.5} ≥ min{t, 0.5} = t.
Similarly λ(yx) ≥ t . Therefore xy, yx ∈ U(λ; t). This shows that U(λ; t) is an ideal of R.
Conversely, let for every 0 < t ≤ 0.5 each non-empty U(λ; t) be an ideal of R. Then λ(x+ y) ≥ min{λ(x), λ(y), 0.5} for
all x, y ∈ R. If not, then there are x0, y0 ∈ R for which λ(x0 + y0) < min{λ(x0), λ(y0), 0.5}. But in this case one can find t
such that λ(x0 + y0) < t < min{λ(x0), λ(y0), 0.5}. This implies x, y ∈ U(λ; t) and x + y 6∈ U(λ; t), which contradicts the
assumption. In a similar way we can show that λ(xy) ≥ min{λ(x), 0.5} and λ(xy) ≥ min{λ(y), 0.5} for all x, y ∈ R. 
Corollary 4.12. A fuzzy subset λ of R is an (∈,∈ ∨q)-fuzzy (left, right) h-ideal (k-ideal) of R if and only if U(λ; t) is a (left, right)
h-ideal (k-ideal) of R for all 0 < t ≤ 0.5.
Proof. Let λ be an (∈,∈ ∨q)-fuzzy h-ideal of R. Then by Theorem 4.11 each non-empty U(λ; t) is an ideal of R. If x+a+y =
b+ y for some a, b ∈ U(λ; t) and x, y ∈ R, then λ(x) ≥ min{λ(a), λ(b), 0.5} ≥ t , which proves x ∈ U(λ; t). Hence U(λ, t)
is an h-ideal of R.
Conversely, let each non-empty U(λ; t), 0 < t ≤ 0.5, be an h-ideal of R. By Theorem 4.11, λ is an (∈,∈ ∨q)-fuzzy ideal
of R. Let x+ a+ y = b+ y for some a, b, x, y ∈ R. If λ(x) < min{λ(a), λ(b), 0.5}, then also λ(x) < t < min{λ(a), λ(b), 0.5}
for some t . Hence a, b ∈ U(λ; t) and x 6∈ U(λ; t), which is impossible. Therefore λ(x) ≥ min{λ(a), λ(b), 0.5}. 
Theorem 4.13. The intersection of any family of (∈,∈ ∨q)-fuzzy (left, right) ideals of R is an (∈,∈ ∨q)-fuzzy (left, right) ideal
of R.
Proof. Let {λi : i ∈ Λ} be a fixed family of (∈,∈ ∨q)-fuzzy ideals of R and let λ be the intersection of this family. We prove
that (x + y)min{t1,t2} ∈ ∨qλ for all xt1 , yt2 ∈ λ. Indeed, if xt1 , yt2 ∈ λ and (x + y)min{t1,t2}∈ ∨qλ for some x, y ∈ R and
t1, t2 ∈ (0, 1], then
λ(x+ y) < min{t1, t2} and λ(x+ y)+min{t1, t2} ≤ 1.
Thus λ(x+ y) < 0.5.
Since each λi is an (∈,∈ ∨q)-fuzzy ideal of R, the family {λi : i ∈ Λ} can be divided into two disjoint parts:
Λ′ = {λi : λi(x+ y) ≥ min{t1, t2}}
and
Λ′′ = {λi : λi(x+ y) < min{t1, t2} and λi(x+ y)+min{t1, t2} > 1}.
If λi(x + y) ≥ min{t1, t2} for all λi, then also λ(x + y) ≥ min{t1, t2}, which is a contradiction. So, for some λi we have
λi(x+ y) < min{t1, t2} and λi(x+ y)+min{t1, t2} > 1. Thus min{t1, t2} > 0.5,whence λi(x) ≥ λ(x) ≥ t1 ≥ min{t1, t2} >
0.5 for all λi ∈ Λ′′. Similarly λi(y) > 0.5 for all λi ∈ Λ′′. Now suppose that t = λi(x+ y) < 0.5 for some λi. Let t ′ ∈ (0, 0.5)
be such that t < t ′, then λi(x) > 0.5 > t ′ and λi(y) > 0.5 > t ′, that is xt ′ ∈ λi and yt ′ ∈ λi but λi(x + y) = t < t ′ and
λi(x+y)+ t ′ < 1. So, (x+y)t ′∈ ∨qλi. This contradicts that λi is an (∈,∈ ∨q) fuzzy ideal of R. Hence λi(x+y) ≥ 0.5 for all λi,
and thus λ(x+ y) ≥ 0.5. This is impossible because for all x, y ∈ Rwe have λ(x+ y) < 0.5. Therefore (x+ y)min{t1,t2} ∈ ∨qλ.
Similarly we can show that (xy)t , (yx)t ∈ ∨qλ for all xt ∈ λ and y ∈ R. 
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Corollary 4.14. The intersection of any family of (∈,∈ ∨q)-fuzzy (left, right) h-ideals (k-ideals) of R is an (∈,∈ ∨q)-fuzzy (left,
right) h-ideal (k-ideal) of R.
Proof. Let λ by the intersection of the family {λi : i ∈ Λ} of (∈,∈ ∨q)-fuzzy h-ideals of R. By Theorem 4.13, it is an
(∈,∈ ∨q)-fuzzy ideal. To prove that it is an (∈,∈ ∨q)-fuzzy h-ideal assume that at1 , bt2 ∈ λ for some a, b, x, y ∈ R such
that x+ a+ y = b+ y. If xmin{t1,t2}∈ ∨qλ, then λ(x) < min{t1, t2} and λ(x)+min{t1, t2} ≤ 1, which implies
λ(x) < 0.5. (10)
Similarly to in the previous proof we divide the family {λi : i ∈ Λ} into two disjoint parts:
Λ1 = {λi : λi(x) ≥ min{t1, t2}}
and
Λ2 = {λi : λi(x)+min{t1, t2} > 1 and λi(x) < min{t1, t2}}.
If λi(x) ≥ min{t1, t2} for all λi, then also λ(x) ≥ min{t1, t2} which is impossible. Thus λi(x) +min{t1, t2} > 1 and λi(x) <
min{t1, t2} for some λi since each λi is an (∈,∈ ∨q)-fuzzy ideal. This means that min{t1, t2} > 0.5. Because at1 , bt2 ∈ λwe
also have λi(a) ≥ λ(a) ≥ t1 > 0.5 and λi(b) ≥ λ(b) ≥ t2 > 0.5. So, min{λi(a), λi(b)} ≥ min{λ(a), λ(b)} ≥ min{t1, t2} >
0.5. Suppose that λi(x) = s < 0.5 for some i ∈ Λ. Taking s′ such that s < s′ < 0.5, we get λi(a) > 0.5 > s′ and
λi(b) > 0.5 > s′. Therefore as′ , bs′ ∈ λi. But on the other hand λi(x) = s < s′ and λi(x) + s′ < 1 prove that xs′∈ ∨qλ.
This contradicts the assumption that λi is an (∈,∈ ∨q)-fuzzy h-ideal. So, our supposition λi(x) < 0.5 is incorrect. Hence
λi(x) ≥ 0.5 for all i ∈ Λ, and consequently λ(x) ≥ 0.5. This contradicts (10). Therefore xmin{t1,t2) ∈ ∨qλ. Hence λ is an
(∈,∈ ∨q)-fuzzy h-ideal of R. 
Theorem 4.15. Any (∈,∈ ∨q)-fuzzy (left, right) ideal λ of R such that λ(x) < 0.5 for all x ∈ R is an (∈,∈)-fuzzy (left, right)
ideal of R.
Proof. The proof is similar to the proof of the above theorems. 
Corollary 4.16. Any (∈,∈ ∨q)-fuzzy (left, right) h-ideal (k-ideal) λ of R such that λ(x) < 0.5 for all x ∈ R is an (∈,∈)-fuzzy
(left, right) h-ideal (k-ideal) of R.
For any fuzzy subset λ of R and any t ∈ (0, 1] we consider two subsets:
Q (λ; t) = {x ∈ R : xtqλ} and [λ]t = {x ∈ R : xt ∈ ∨qλ}.
It is clear that [λ]t = U(λ; t) ∪ Q (λ; t).
In Theorem 4.11 we have shown that a fuzzy subset λ of R is an (∈,∈ ∨q)-fuzzy ideal of R if and only if U(λ; t) 6= ∅ is an
ideal of R for all 0 < t ≤ 0.5. Now we show a similar result for [λ]t .
Theorem 4.17. A fuzzy subset λ of R is an (∈,∈ ∨q)-fuzzy (left, right) ideal of R if and only if [λ]t is a (left, right) ideal of R for
all t ∈ (0, 0.5].
Proof. Let λ be an (∈,∈ ∨q)-fuzzy ideal of R. Let x, y ∈ [λ]t for some t ∈ (0, 0.5]. Then λ(x) ≥ t or λ(x) + t > 1 and
λ(y) ≥ t or λ(y)+ t > 1. Since λ is an (∈,∈ ∨q)-fuzzy ideal, we have λ(x+ y) ≥ min{λ(x), λ(y), 0.5} (Theorem 4.8). This
implies λ(x+ y) ≥ min{t, 0.5} = t . So, x+ y ∈ [λ]t . Similarly we can show that xy, yx ∈ [λ]t . Hence [λ]t is an ideal of R.
Conversely, letλbe a fuzzy subset ofR and let [λ]t be an ideal ofR for all t ∈ (0, 0.5]. Ifλ(x+y) < t < min{λ(x), λ(y), 0.5}
for some t ∈ (0, 0.5], then x, y ∈ [λ]t and x+ y ∈ [λ]t . Hence λ(x+ y) ≥ t or λ(x+ y)+ t > 1, a contradiction. Therefore
λ(x + y) ≥ min{λ(x), λ(y), 0.5} for all x, y ∈ R. Similarly we can show that λ(xy) ≥ min{max{λ(x), λ(y)}, 0.5} for all
x, y ∈ R. Hence λ is a fuzzy ideal of R. 
Corollary 4.18. A fuzzy subset λ of R is an (∈,∈ ∨q)-fuzzy (left, right) h-ideal (k-ideal) of R if and only if [λ]t is a (left, right)
h-ideal (k-ideal) of R for all t ∈ (0, 0.5].
Proof. Let λ be an (∈,∈ ∨q)-fuzzy h-ideal of R. By Theorem 4.17, [λ]t is an ideal of R. If x+ a+ y = b+ y for some x, y ∈ R
and a, b ∈ [λ]t , then λ(a) ≥ t or λ(a)+ t > 1 and λ(b) ≥ t or λ(b)+ t > 1. Since λ is an (∈,∈ ∨q)-fuzzy h-ideal, we have
λ(x) ≥ min{λ(a), λ(b), 0.5} (Lemma 4.7). This implies λ(x) ≥ min{t, 0.5} = t . Indeed, for λ(x) < t we obtain at∈ ∨qλ or
bt∈ ∨qλ, which is a contradiction. So, λ(x) ≥ t . Now if t ≤ 0.5, then λ(x) ≥ min{t, 0.5} = t , that is xt ∈ λ. Hence x ∈ [λ]t .
If t > 0.5, then λ(x) ≥ min{t, 0.5} = 0.5. Thus λ(x)+ t > 0.5+ 0.5 = 1 and xtqλ. Therefore x ∈ [λ]t . This shows that [λ]t
is an h-ideal of R.
Conversely, if λ is a fuzzy subset and [λ]t is an h-ideal of R for all t ∈ (0, 1], then, by Theorem 4.17, λ is an (∈,∈ ∨q)-
fuzzy ideal of R. Let a, b, x, y ∈ R be such that x + a + y = b + y. In the case when λ(x) < min{λ(a), λ(b), 0.5} there
exists t such that λ(x) < t < min{λ(a), λ(b), 0.5}. This implies t < 0.5, λ(x) + t < 1, λ(a) > t and λ(b) > t . Thus
x 6∈ Q (λ, t), x 6∈ U(λ; t) and a, b ∈ U(λ; t) ⊂ [λ]t , which contradicts the assumption that [λ]t is an h-ideal. Therefore we
have λ(x) ≥ min{λ(a), λ(b), 0.5}. This completes our proof. 
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U(λ; t) and [λ]t are ideals for every t ∈ (0, 0.5], but Q (λ; t) is not an ideal in general.
Example 4.19. Let R be as in Example 3.7 and let λ be a fuzzy set on R such that λ(0) = λ(a) = 1, λ(b) = λ(c) = 0.4 and
λ(1) = 0. Then Q (λ; t) = {0, a} for 0 < t ≤ 0.6, and Q (λ; t) = {0, a, b, c} for 0.6 < t < 1. It is not difficult to see that
Q (λ; t) is not an ideal of a hemiring R for any t ∈ (0, 1).
Lemma 4.20. Let λ be an arbitrary fuzzy set defined on R and let x ∈ R. Then λ(x) = t if and only if x ∈ U(λ, t), x 6∈ U(λ, s)
for all s > t.
Theorem 4.21. Let {At}t∈Γ , where Γ ⊆ (0, 0.5], be a collection of left (right) h-ideals of R such that R = ⋃t∈Γ At , and for
s, t ∈ Γ , s < t if and only if At ⊂ As. Then a fuzzy set λ defined by
λ(x) = sup{t ∈ Γ | x ∈ At},
is an (∈,∈ ∨q)-fuzzy left (right) h-ideal of R.
Proof. According to Corollary 4.12, it is sufficient to show that for every t ∈ (0, 0.5], each non-empty U(λ, t) is a left (right)
h-ideal of R. We consider two cases:
(i) t = sup{s ∈ Γ | s < t}
(ii) t 6= sup{s ∈ Γ | s < t}.
In the first case
x ∈ U(λ, t)←→ (x ∈ As ∀s < t)←→ x ∈
⋂
s<t
As.
So,U(λ, t) =⋂s<t As, which is a left (right)h-ideal ofR. In the second case,wehaveU(λ, t) =⋃s≥t As. Indeed, if x ∈⋃s≥t As,
then x ∈ As for some s ≥ t . Thus λ(x) ≥ s ≥ t , i.e., x ∈ U(λ, t). This proves⋃s≥t As ⊂ U(λ, t). To prove the converse
inclusion consider x 6∈ ⋃s≥t As. Then x 6∈ As for all s ≥ t . Since t 6= sup{s ∈ Γ | s < t}, there exists ε > 0 such that
(t − ε, t) ∩ Γ = ∅. Hence x 6∈ As for all s > t − ε, which means that if x ∈ As, then s ≤ t − ε. Thus λ(x) ≤ t − ε < t , and
so x 6∈ U(λ, t). Therefore U(λ, t) = ⋃s≥t As. Since, as it is not difficult to verify,⋃s≥t As is a left (right) h-ideal of R, we see
that U(λ, t) is a left (right) h-ideal in any case. 
The same result is valid for left (right) k-ideals.
Theorem 4.22. For any chain
A0 ⊂ A1 ⊂ A2 ⊂ · · · ⊂ An = R
of left (right) h-ideals of a hemiring R there exists an (∈,∈ ∨q)-fuzzy left (right) h-ideal of R for which level sets coincide with
this chain.
Proof. We prove this theorem for left h-ideals. For right h-ideals the proof is analogous. Let t0, t1, . . . , tn be a finite
decreasing sequence in [0, 1]. Consider the fuzzy set λ on R defined by λ(A0) = t0 and λ(Ak \ Ak−1) = tk for 0 < k ≤ n. Let
x, y ∈ R. If x, y ∈ Ak \ Ak−1, then x+ y, xy ∈ Ak and
λ(x+ y) ≥ tk = min{λ(x), λ(y)},
λ(xy) ≥ tk = λ(y).
Now let x ∈ Ai \ Ai−1 and y ∈ Aj \ Aj−1, where i 6= j. If i > j, then Aj ⊂ Ai, λ(x) = ti < tj = λ(y), x+ y ∈ Ai and xy ∈ Aj. Thus
λ(x+ y) ≥ ti = min{λ(x), λ(y)},
λ(xy) ≥ tj = λ(y).
Analogously for i < j. So, λ is a fuzzy left ideal. It is not difficult to see that it is an (∈,∈ ∨q)-fuzzy left h-ideal.
Such defined λ has only the values t0, t1, . . . , tn. Their level subsets are left h-ideals and form the chain
U(λ, t0) ⊂ U(λ, t1) ⊂ · · · ⊂ U(λ, tn) = R.
We now prove that
U(λ, tk) = Ak for 0 ≤ k ≤ n.
Indeed,
U(λ, t0) = {x ∈ R | λ(x) ≥ t0} = A0.
Moreover, Ak ⊆ U(λ, tk) for 0 < k ≤ n. If x ∈ U(λ, tk), then λ(x) ≥ tk and so x 6∈ Ai for i > k. Hence λ(x) ∈ {t0, t1, . . . , tk},
which implies x ∈ Ai for some i ≤ k. Since Ai ⊆ Ak, it follows that x ∈ Ak. Consequently, U(λ, tk) = Ak for every 0 < k ≤ n.
This completes the proof. 
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The same result is valid for left (right) k-ideals.
Theorem 4.23. If every fuzzy left ideal of R has a finite number of values, then every descending chain of left ideals of R terminates
after a finite number of steps.
Proof. Suppose that there exists a strictly descending chain A0 ⊃ A1 ⊃ A2 ⊃ · · · of left ideals of Rwhich does not terminate
after a finite number of steps. We prove that the λ defined by
λ(x) =

n
n+ 1 if x ∈ An \ An+1, n = 0, 1, . . .
1 if x ∈
∞⋂
n=0
An,
where A0 = R, is a fuzzy left ideal of Rwith an infinite number of values.
Let x, y ∈ R. Assume that x ∈ An \ An+1 and y ∈ Ak \ Ak+1 for some n ≤ k. Then obviously y, x+ y ∈ An and xy ∈ Ak. Thus
λ(x+ y) ≥ n
n+ 1 = min{λ(x), λ(y)} and λ(xy) ≥
k
k+ 1 = λ(y).
For n > kwe have x+ y ∈ Ak, λ(x+ y) ≥ kk+1 = min{λ(x), λ(y)} and λ(xy) ≥ kk+1 = λ(y).
If x, y ∈⋂∞n=0 An, then x+ y, xy ∈⋂∞n=0 An. Thus
λ(x+ y) = 1 = min{λ(x), λ(y)} and λ(xy) = 1 = λ(y).
If x 6∈⋂∞n=0 An and y ∈⋂∞n=0 An, then there exists k ∈ N such that x ∈ Ak \ Ak+1. So, x+ y, xy ∈ Ak,
λ(x+ y) ≥ k
k+ 1 = min{λ(x), λ(y)} and λ(xy) ≥
k
k+ 1 = λ(y).
Finally suppose that x ∈⋂∞n=0 An and y 6∈⋂∞n=0 An. Then y ∈ Ar \ Ar+1 for some r ∈ N . Hence x+ y, xy ∈ Ar ; consequently
λ(x+ y) ≥ r
r + 1 = min{λ(x), λ(y)} and λ(xy) ≥
r
r + 1 = λ(y).
This proves that λ is a fuzzy left ideal with an infinite set of values, a contradiction. 
Theorem 4.24. Let R be a hemiring in which every descending chain of left h-ideals terminates after a finite number of steps. If
λ is a fuzzy left h-ideal of R such that any sequence of their values less than 0.5 is strictly increasing, then λ has a finite number
of values.
Proof. Suppose that the set of values of λ less than 0.5 is not finite. Let 0 ≤ t1 < t2 < · · · ≤ 0.5 be a strictly increasing
sequence of values of λ. Then every U(λ, tk) is a left h-ideal of R and U(λ, tk) ⊂ U(λ, tk−1). Since tk−1 is a value of λ, for
some x′ ∈ R we have λ(x′) = tk−1. Hence x′ ∈ U(λ, tk−1) and x′ 6∈ U(λ, tk). Thus we obtain a strictly descending chain
U(λ, t1) ⊃ U(λ, t2) ⊃ U(λ, t3) ⊃ · · · of left h-ideals of R which is not terminating. This is a contradiction. So, the set of
values of λ less than 0.5 must be finite. 
Theorem 4.25. Every ascending chain of left h-ideals of R terminates after a finite number of steps if and only if the set values of
any fuzzy left h-ideal of R is a well-ordered subset of [0, 1].
Proof. Suppose that for a fuzzy left h-ideal λ of R the set of values is not well-ordered subset of [0, 1]. Then there exists
a strictly decreasing sequence {tn} such that tn = λ(xn) for some xn ∈ R. In this case Bn = {x ∈ R | λ(x) ≥ tn} form a
strictly ascending chain of left h-ideals of R which is not terminating. This is a contradiction. So, the set of values of λmust
be well-ordered subset of [0, 1].
Conversely, suppose that there exists a strictly ascending chain A1 ⊂ A2 ⊂ A3 ⊂ · · · of left h-ideals of R which does not
terminate after a finite number of steps. Then A =⋃∞k=1 Ak is a left h-ideal of R. Define on R a fuzzy set λ by putting
λ(x) =
{1
k
for x ∈ Ak \ Ak−1,
0 for x 6∈ A,
where A0 means the empty set.
We prove that λ is a fuzzy left h-ideal of R.
At first we consider the case when x, y ∈ A. In this case there arem, n such that x ∈ An \ An−1, y ∈ Am \ Am−1. Obviously
x+ y ∈ Ak \ Ak−1 ⊂ Ap, where k ≤ p = max{m, n}. So, λ(x) = 1n , λ(y) = 1m and
λ(x+ y) = 1
k
≥ 1
p
= min{λ(x), λ(y)}.
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Since any Ak is a left h-ideal, y ∈ Am, we get xy ∈ Am. Thus, y ∈ At \ At−1 for some t ≤ m, whence
λ(xy) = 1
t
≥ 1
m
= λ(y).
Now we consider the case x 6∈ A, y ∈ A. In this case y ∈ Am \ Am−1 for some natural m. Hence λ(x) = 0, λ(y) = 1m ;
consequently
λ(x+ y) ≥ 0 = min{λ(x), λ(y)}.
Because, as in the previous case, xy ∈ Am means that xy ∈ At \ At−1 for some t ≤ m, then
λ(xy) = 1
t
≥ 1
m
= λ(y).
The case x ∈ A, y 6∈ A is analogous. The last case x, y 6∈ A is obvious.
In this way we have proved that λ is a fuzzy left ideal of R.
To verify that x+ a+ z = b+ z implies λ(x) ≥ min{λ(a), λ(b)}wemust consider the following four cases: (a) a, b ∈ A,
(b) a ∈ A, b 6∈ A, (c) a 6∈ A, b ∈ A, (d) a, b 6∈ A. The last three cases are obvious because in these cases min{λ(a), λ(b)} = 0.
We verify (a). If a, b ∈ Ak \ Ak−1, then, according to the assumption on Ak, we have x ∈ Ak, whence
λ(x) ≥ 1
k
= λ(b) = min{λ(a), λ(b)}.
If a ∈ Ak \ Ak−1, b ∈ Ap \ Ap−1, for some k 6= p, then, in the case k < p, we get x ∈ Ap. Consequently
λ(x) ≥ 1
p
= λ(b) = min{λ(a), λ(b)}.
In the case k > p, we have x ∈ Ak and
λ(x) ≥ 1
k
= λ(a) = min{λ(a), λ(b)}.
This proves that λ is a fuzzy left h-ideal. Since the chain A1 ⊂ A2 ⊂ A3 ⊂ · · · is not terminating, λ has a strictly descending
sequence of values. This contradicts that the value set of any fuzzy ideal is well-ordered. 
5. Prime (α, β)-fuzzy ideals
In this section we describe semiprime and prime (α, β)-fuzzy ideals of hemirings, but all these results are also true for
left and right ideals.
Definition 5.1. An (α, β)-fuzzy ideal λ of R is called semiprime if for all x ∈ R and t ∈ (0, 1], (x2)t αλ implies xtβλ. An
(α, β)-fuzzy ideal λ of R is called prime if for all x, y ∈ R and t ∈ (0, 1], (xy)tαλ implies xtβλ or ytβλ. An (α, β)-fuzzy
h-ideal (h-ideal) λ of R is prime (semiprime) if it is prime (semiprime) as an (α, β)-fuzzy ideal.
Proposition 5.2. An (∈,∈ ∨q)-fuzzy ideal λ of R is prime if and only if
max{λ(x), λ(y)} ≥ min{λ(xy), 0.5} for all x, y ∈ R. (11)
Proof. Let λ be an (∈,∈ ∨q)-fuzzy prime ideal of R. If for some x, y ∈ Rwe have max{λ(x), λ(y)} < min{λ(xy), 0.5}, then
max{λ(x), λ(y)} < t < min{λ(xy), 0.5}
for some t . Thismeans that (xy)t ∈ λbut xt∈ ∨qλ and yt∈ ∨qλ, which contradicts our supposition. Hencemax{λ(x), λ(y)} ≥
min{λ(xy), 0.5} for all x, y ∈ R.
Conversely, assume that (11) holds for all x, y ∈ R. Then (xy)t ∈ λ implies max{λ(x), λ(y), 0.5} ≥ min{t, 0.5}. From
this, for t ≤ 0.5 we conclude that either λ(x) ≥ t or λ(y) ≥ t . Thus either xt ∈ λ or yt ∈ λ. For t > 0.5 we obtain
max{λ(x), λ(y)} ≥ 0.5, i.e., either λ(x)+ t > 0.5+ 0.5 = 1 or λ(y)+ t > 1. Hence either xt ∈ ∨qλ or yt ∈ ∨qλ. Therefore
λ is fuzzy prime. 
Corollary 5.3. An (∈,∈ ∨q)-fuzzy h-ideal (k-ideal) λ of R is prime if and only if (11) holds for all x, y ∈ R.
Corollary 5.4. An (∈,∈ ∨q)-fuzzy ideal λ of R is semiprime if and only if
λ(x) ≥ min{λ (x2) , 0.5} (12)
for all x ∈ R.
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Corollary 5.5. An (∈,∈ ∨q)-fuzzy h-ideal (k-ideal) λ of R is semiprime if and only if (12) holds for all x ∈ R.
Theorem 5.6. An (∈,∈ ∨q)-fuzzy ideal λ of R is prime if and only if for all 0 < t ≤ 0.5 each non-empty U(λ; t) is a prime ideal
of R.
Proof. Let λ be an (∈,∈ ∨q)-fuzzy prime ideal of R and let t ∈ (0, 0.5]. Then, by Theorem 4.11, each non-empty U(λ; t) is
an ideal of R. By Proposition 5.2, for each xy ∈ U(λ; t) we have max{λ(x), λ(y)} ≥ min{λ(xy), 0.5} ≥ min{t, 0.5} = t . So,
λ(x) ≥ t or λ(y) ≥ t . Thus x ∈ U(λ; t) or y ∈ U(λ; t). Hence U(λ; t) is a prime ideal of R.
Conversely, assume that U(λ; t) is a prime ideal of R for each t ∈ (0, 0.5]. Then, by Theorem 4.11, λ is an (∈,∈ ∨q)-fuzzy
ideal of R. Let (xy)t ∈ λ and t ≤ 0.5. Then xy ∈ U(λ; t). So, either x ∈ U(λ; t) or y ∈ U(λ; t), that is xt ∈ λ or yt ∈ λ. For
t > 0.5 and (xy)t ∈ λ we have λ(xy) ≥ t > 0.5. Thus xy ∈ U(λ; 0.5), whence x ∈ U(λ; 0.5) or y ∈ U(λ; 0.5). Therefore
xtqλ or ytqλ. This shows that λ is an (∈,∈ ∨q)-fuzzy prime ideal of R. 
Corollary 5.7. An (∈,∈ ∨q)-fuzzy h-ideal (k-ideal) λ of R is prime if and only if for all 0 < t ≤ 0.5 each non-empty U(λ; t) is
a prime h-ideal (k-ideal) of R.
Theorem 5.8. An (∈,∈ ∨q)-fuzzy ideal (h-ideal, k-ideal) of R is semiprime if and only if for all 0 < t ≤ 0.5 each non-empty
U(λ; t) is a prime ideal (h-ideal, k-ideal) of R.
Proof. The proof is similar to the proof of Theorem 5.6. 
Theorem 5.9. A non-empty subset I of R is its prime ideal if and only if a fuzzy subset λ of R such that λ(x) = t ≥ 0.5 for x ∈ I
and λ(x) = 0 otherwise is an (∈,∈ ∨q)-fuzzy prime ideal of R.
Proof. Let I be a prime ideal of R. By Theorem 3.5, such defined λ is an (∈,∈ ∨q)-fuzzy ideal of R. If (xy)t ∈ λ, then
λ(xy) = t ≥ 0.5, and consequently xy ∈ I . So, x ∈ I or y ∈ I . This means that λ(x) = t or λ(y) = t . Hence xt ∈ ∨qλ
or yt ∈ ∨qλ. Therefore λ is an (∈,∈ ∨q)-fuzzy prime ideal of R.
Conversely, if a so defined λ is an (∈,∈ ∨q)-fuzzy prime ideal of R and xy ∈ I , then λ(xy) = t ≥ 0.5. Thus (xy)t ∈ λ,
whence xt ∈ ∨qλ or yt ∈ ∨qλ. In the case xt ∈ ∨qλ we obtain λ(x) ≥ t or λ(x) + t > 1, whence we get λ(x) = t ≥ 0.5.
This means that x ∈ I . Similarly from yt ∈ ∨qλwe obtain y ∈ I . So, xy ∈ I implies x ∈ I or y ∈ I . 
Theorem 5.10. The intersection of any family of (∈,∈ ∨q)-fuzzy prime ideals of R is an (∈,∈ ∨q)-fuzzy prime ideal of R.
Proof. By Theorem 4.13, the intersection λ of the family {λi : i ∈ Λ} of (∈,∈ ∨q)-fuzzy ideals of R is an (∈,∈ ∨q)-fuzzy
ideal of R. Suppose that λ is not prime. Then for some x, y ∈ R and t ∈ (0, 1] we have (xy)t ∈ λ and xt∈ ∨qλ or yt∈ ∨qλ.
Without loss of generality we can assume that xt∈ ∨qλ. Thus λ(x) < t and λ(x)+ t ≤ 1, whence λ(x) < 0.5. If λi(x) ≥ t for
all i ∈ Λ, then also λ(x) ≥ t , which is a contradiction. Hence for some λi we have λi(x) < t and λi(x)+ t > 1. This implies
t > 0.5. Therefore λ(x) < 0.5 < t . So, λ(x) ≤ λj(x) < 0.5 for some j ∈ Λ. Let λj(x) = s. Since s < 0.5, there exists s′
such that s < s′ < 0.5. So, λj(x) < s′ and λj(x)+ s′ < 1. This means that xs′∈ ∨qλj, which contradicts the assumption that
each λi is an (∈,∈ ∨q)-fuzzy ideal. Hence λi(x) ≥ 0.5 for all i ∈ Λ. Consequently, λ(x) ≥ 0.5, which also is a contradiction
because λ(x) < 0.5 for all x ∈ R. Therefore xt ∈ ∨qλ. So, the supposition that λ is not prime is incorrect. 
Corollary 5.11. The intersection of any family of (∈,∈ ∨q)-fuzzy prime h-ideals (k-ideals) of R is an (∈,∈ ∨q)-fuzzy prime
h-ideal (k-ideal) of R.
Putting in the above proof y = xwe obtain the proof of the following theorem.
Theorem 5.12. The intersection of any family of (∈,∈ ∨q)-fuzzy semiprime ideals (h-ideals, k-ideals) of R is an (∈,∈ ∨q)-fuzzy
semiprime ideal (h-ideal, k-ideal) of R.
Theorem 5.13. A fuzzy subset λ of R is an (∈,∈ ∨q)-fuzzy prime ideal of R if and only if for all t ∈ (0, 0.5] each [λ]t is a prime
ideal of R.
Proof. If λ is an (∈,∈ ∨q)-fuzzy prime ideal of R, then for all t ∈ (0, 0.5] each [λ]t is non-empty and, according to
Theorem 4.17, each [λ]t is an ideal of R. To prove that it is prime let xy ∈ [λ]t . Since [λ]t = Q (λ; t) ∪ U(λ; t), we have
xy ∈ Q (λ; t) or xy ∈ Q (λ; t). At first we consider the case when xy ∈ Q (λ; t) \ U(λ; t). In this case λ(xy) + t > 1 and
λ(xy) < t . Hence, for λ(xy) ≤ 0.5, we obtain
max{λ(x), λ(y)} + t ≥ min{λ(xy), 0.5} + t = λ(xy)+ t > 1.
This proves that x ∈ Q (λ; t) ⊆ [λ]t or y ∈ Q (λ; t) ⊆ [λ]t .
For λ(xy) > 0.5 we have 0.5 < λ(xy) < t . Consequently,
max{λ(x), λ(y)} + t ≥ min{λ(xy), 0.5} + t = 0.5+ t > 1.
Thus x ∈ Q (λ; t) ⊆ [λ]t or y ∈ Q (λ; t) ⊆ [λ]t . So, xy ∈ Q (λ; t) \ U(λ; t) implies x ∈ [λ]t or y ∈ [λ]t .
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Now let xy ∈ U(λ; t). In this case λ(xy) ≥ t . Hence, for t ≤ 0.5, we obtain
max{λ(x), λ(y)} ≥ min{λ(xy), 0.5} ≥ t.
Thus x ∈ U(λ; t) ⊆ [λ]t or y ∈ U(λ; t) ⊆ [λ]t . If t > 0.5, then max{λ(x), λ(y)} ≥ t > 0.5, and consequently
max{λ(x), λ(y)} + t > 1. Therefore x ∈ Q (λ; t) ⊆ [λ]t or y ∈ Q (λ; t) ⊆ [λ]t . So, in any case xy ∈ [λ]t implies x ∈ [λ]t or
y ∈ [λ]t . Hence [λ]t is a prime ideal for every t ∈ (0, 0.5].
Conversely, if λ is a fuzzy subset of R such that [λ]t is a prime ideal for each t ∈ (0, 0.5], then, according to Theorem 4.17,
λ is an (∈,∈ ∨q)-fuzzy ideal of R. Since [λ]t is a prime ideal, from (xy)t ∈ λ it follows that (xy) ∈ U(λ; t) ⊆ [λ]t , whence
we obtain x ∈ [λ]t or y ∈ [λ]t . This implies xt ∈ ∨qλ or yt ∈ ∨qλ. So, λ is an (∈,∈ ∨q)-fuzzy prime ideal of R. 
Corollary 5.14. A fuzzy subset λ of R is an (∈,∈ ∨q)-fuzzy prime h-ideal (k-ideal) of R if and only if [λ]t is a prime h-ideal
(k-ideal) of R for all t ∈ (0, 1].
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